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Nonlinear Recursive Estimation of Boost Trajectories, Including
Batch Initialization and Burnout Estimation

Michael E. Hough∗

Raytheon Company, Woburn, Massachusetts 01801

A 12-state, iterated nonlinear recursive filter is formulated for boost trajectory estimation and prediction. The
recursive filter is initialized with state and covariance estimates from a polynomial batch filter. An interacting
multiple-model technique handles staging and burnout events by statistically blending boost filter estimates with
estimates from a Keplerian filter. A new contribution is a boost prediction model that includes terms that model
the nonlinear growth of thrust acceleration magnitude caused by propellant consumption and variations in thrust
orientation associated with gravity-turn maneuvers and steering maneuvers at constant or variable angles of
attack. State estimates and covariances are iterated at each filter update, subject to constraints on magnitude and
orientation of the thrust acceleration estimates. These constraints are useful in controlling unrealistic estimates
caused by poor measurements, in precluding unbounded acceleration predictions during long intervals without
measurements, and in handling acceleration discontinuities at staging events. A noteworthy feature is that this
algorithm does not rely on any a priori information such as a booster template.

I. Introduction

M ANY different algorithms have been developed for boost tra-
jectory estimation.1−11 Algorithm selection depends primar-

ily on the information content in the boost sensor measurements.
With angle-only measurements from one sensor, batch filters are
preferred and an a priori trajectory profile (or template) supple-
ments the incomplete position information in the two-dimensional
measurements.3,6,7 Nonlinear recursive filters can be used with
three-dimensional position measurements, and the template may be
replaced with nonlinear prediction models.1,2,4,5,8−11 These physics-
based models allow real-time adaptation to the measurement data
and improve accuracies of sensor cues and predicted aimpoints for
boost phase intercept. Boost trajectory adaptation is important be-
cause sudden unpredictable changes in thrust acceleration can occur
at missile staging events and at burnout.

An extended Kalman filter (EKF) is the simplest technique for
nonlinear estimation of a boost trajectory, and the most elaborate
techniques solve the Fokker–Planck equation for the probability dis-
tribution (see Ref. 4). In earlier publications, an EKF was formulated
with nine state variables for estimation of the inertial components of
position, velocity, and thrust acceleration.5,10 The EKF(9) predic-
tion model includes a vector-differential equation that models 1) the
nonlinear changes in thrust acceleration magnitude caused by pro-
pellant consumption and 2) thrust-orientation dynamics associated
with gravity-turn maneuvers and other booster steering maneuvers
at constant angle of attack. In addition to boost trajectories, EKF(9)
has been applied to launch point estimation11 and can be applied to
postboost vehicle trajectory estimation.

This paper describes several improvements that enhance the per-
formance of EKF(9). The improvements include the addition of
three angular velocity variables, batch filter initialization, iteration
of the update with vector constraints on thrust acceleration, and a
multiple-model algorithm for staging and burnout events, as fol-
lows. A functional diagram of EKF(12) illustrates the interactions
of all of these features (Fig. 1).

Steering maneuvers with variable angles of attack generate angu-
lar velocities that are not modeled in the EKF(9) prediction model.
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For EKF(12), a first-order vector-Markov process describes the dy-
namics of these new angular velocity states.

Initial estimates of the state vector and covariance matrix are
generated from position measurements. Classical methods of ini-
tial orbit determination, such as Laplace’s method for Keplerian
orbits (see Ref. 12), are not applicable because thrust acceleration is
nonzero. Rather, EKF(12) is initialized by a polynomial batch filter
with an approximate (constant jerk) prediction model.

EKF(12) estimates and covariances are iterated at each filter up-
date to mitigate filter nonlinearities and to improve agreement of
the filter covariance and the statistics of the actual errors in the esti-
mates. When filter states are sufficiently observable, iteration of the
estimates has been shown to approximate a maximum-likelihood
estimate using a Gauss–Newton iteration technique (see Refs. 13
and 14).

Boost phase estimates and predictions are constrained by limits
on the magnitude and direction of the thrust acceleration. Because
poor measurements can cause wild acceleration estimates, these
constraints allow the filter to recover on subsequent updates when
better information becomes available. Constraints also preclude un-
bounded thrust accelerations during long prediction intervals with-
out observations, for example, for boost phase intercept applications.

Precise position (and optionally velocity) measurements allow
detection of sudden changes in acceleration at staging events and
at burnout. An interacting multiple-model (IMM) technique15−19

blends the estimates and covariances of EKF(12) with those of a
six-state Keplerian model EKF(6) (see Ref. 20). Statistical weights
are determined using the EKF(12) and EKF(6) measurement resid-
uals and their covariances.

This paper is organized as follows. Boost and Keplerian predic-
tion models are formulated (Sec. II and Appendix A). Nonlinear
measurement models are given for angle-only and range-angle sen-
sors (Sec. III). Initialization of EKF(12) with a polynomial batch
filter is described (Sec. IV and Appendix B). Iteration of EKF(12)
is performed with constraints on thrust acceleration (Sec. V). Boost
and Keplerian estimates and covariances are statistically blended
with an IMM technique (Sec. VI). Performance analysis results are
presented and discussed (Sec. VII). Finally, the paper is summarized
and conclusions are drawn (Sec. VIII).

II. Nonlinear Prediction Models
Boost and Keplerian prediction models are needed for the IMM

filter (to be discussed later). During boost, the state vector x includes
the Cartesian inertial components of the position vector r, inertial
velocity vector v, thrust acceleration vector ac, and Markov angular

72



HOUGH 73

Table 1 Boost dynamics model for EKF(12)

Differential equations Definition of terms

d x
dt

= f (x) =




v

ac + g(r)

b(r, v, ac,�)

−(1/τ)�




b = ac

U
ac + (ω+�) × ac, U = Ispg0

ω= 1

u2
u × (g + ac)

u = v −ωe × r, g = −µe

r3
r

F(x) = ∂f

∂xT
=




O3 I3 O3 O3

� O3 I3 O3

A B C D

O3 O3 O3 −(1/τ)I3




A = − 1

u2
�(ac)

[
�(u)�(r) + �(ac + g)

(
�(ωe) − 2

u2
uuT �T (ωe)

)]

dP

dt
= F(x)P + P F(x)T + Q

B = 1

u2
�(ac)�(ac + g)

(
I3 − 2

u2
uuT

)

C = 1

aU

(
a2 I3 + acaT

c

)
+ �(ω+�) − 1

u2
�(ac)�(u)

D = −�(ac)

� = ∂g

∂rT
= µe

r5

(
3rrT − r2 I3

)

Q = diag{0 0 0 0 0 0
qa qa qa q� q� q� }

Fig. 1 Functional diagram of estimation algorithm for boost trajectories.

velocity vector �:

xT
n = [

rT (tn) vT (tn) aT
c (tn) �T (tn)

]
For a Keplerian orbit, the number of state variables may be reduced
from 12 to 6:

ξT
n = [

rT (tn) vT (tn)
]

The EKF(12) prediction model is a system of 90 coupled, nonlin-
ear differential equations (Table 1). The linearized dynamics matrix
F(x) = ∂f/∂xT couples the 12 differential equations for x(t) with
the 78 differential equations for the diagonal and upper triangular el-
ements of the symmetric covariance matrix P(t). Elements of F(x)
may be determined by partial differentiations of the nonlinear state
equations (Appendix A). Errors in x̂ cause errors in F(x̂) that are not
properly compensated in the linear equations for covariance predic-
tion. Consequently, process noise Q is added to improve covariance

prediction. A diagonal Q matrix is assigned with constant acceler-
ation variance qa and constant angular-rate variance q� . �( ) is the
skew-symmetric cross product matrix:

�(ac) =




0 −a3 a2

a3 0 −a1

−a2 a1 0


 , �(ωe) =




0 −ωe 0

ωe 0 0

0 0 0




Nonlinear state equations for EKF(12) model the booster guid-
ance and control process, which is generally unknown. Because
booster orientation is stabilized about a rotating Earth-relative veloc-
ity u, the nonlinear vector-differential equation for ac includes three
angular velocity terms as follows. Early in the ascent, when angle
of attack and lateral aerodynamic loads on the booster airframe are
minimized, u rotates downward with angular velocity (u × g)/u2,
corresponding to a gravity turn. Later in the ascent when the booster
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leaves the atmosphere, steering maneuvers cause a misalignment of
u and ac, and u rotates with angular velocity (u × ac)/u2, corre-
sponding to an accelerated turn at constant angle of attack. Finally,
the angular velocity � accounts for rotations of u caused by vari-
able angles of attack and by rotation of the plane defined by u and
ac. Because the third class of rotations is weakly correlated to the
other state variables, � is described by a first-order vector-Markov
process with time constant τ .

Values of the constant parameters τ, qa , and q� are selected based
on a Monte Carlo filter tuning process. (Results are summarized in
Table 2.) It will be shown that the recommended values produce
filter covariance matrices that are consistent with the simulated error
statistics. Satisfactory performance has been demonstrated for many
different booster trajectories with the same set of tuning parameters.
A typical value of exhaust velocity U is selected to characterize most
types of chemical propellants.

In a central, inverse-square gravitational field, EKF(6) state ξn
and covariance �n are predicted with nonlinear difference equations
corresponding to a Keplerian orbit (see Ref. 20):

ξn + 1 = �(ξn, tn + 1 − tn)ξn

�n + 1 = �(ξn, tn + 1 − tn)�n�
T (ξn, tn + 1 − tn) + Gn(�n)

The Keplerian state transition matrix �n may be expressed by a
nonlinear function of the state and the elapsed time. In fact, �n

actually depends on the central angle (or true anomaly) along the
orbit, and Kepler’s equation must be solved to relate the change in
angle to elapsed time. Process noise Gn is included because errors
in ξ̂n cause errors in �n , and these nonlinear errors are not properly
represented in the linearized equations for covariance prediction.
Physically, Gn arises from a gravity-gradient disturbance caused by
differences between the estimated and true positions. Consequently,
Gn(�n) depends on the covariance matrix, and the tuning process
is, therefore, self adaptive. Because the algebraic form of Gn(�n)
is complicated, see Ref. 20 for details.

III. Nonlinear Measurement Model
Three-dimensional position measurements are needed for EKF

initialization and tracking. The unit line-of-sight (LOS) vector λn

Table 2 EKF(12) parameters

Description Symbol Value

Exhaust velocity U 2450 m/s
Thrust acceleration rms process

noise (each axis) qa 0.5 m/s5/2

Time constant for Markov angular
velocity state τ 100 s

Markov angular velocity rms process
noise (each axis) q� 0.01 deg/s5/2

Table 3 Nonlinear measurement models for EKF(12)

Angle-only sensor Range-angle sensor

yn = h(rn) +υn, h(rn) =
[

γ (rn)

ψ(rn)

]
yn = h(rn) +υn, h(rn) =

[
ρ(rn)

γ (rn)

ψ(rn)

]

Rn = E
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n

}
=
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E
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n

)
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(
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n

)
]
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n

}
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
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E
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n
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n

)
0
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(
δψ2

n

)


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∂xT
n

=
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∂
(
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)
∂rT

n
O2 × 9

]
Hn(xn) = ∂hn

∂xT
n

=
[

∂(ρn, γn, ψn)

∂rT
n

O3 × 9

]
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∂rT
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=
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1
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∂λT
n
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1

ρncos2γn

∂λT
n

∂ψn


�(Rn)

∂(ρn, γn, ψn)

∂rT
n

=




λT
n

1

ρn

∂λT
n

∂γn

1

ρn cos2 γn

∂λT
n

∂ψn




�(Rn)

from sensor to target may be determined from sensor angle measure-
ments of LOS elevation angle γn from horizontal and LOS azimuth
angle ψn from north:

λn = �T
n (Rn)




sin γn

cos γn sin ψn

cos γn cos ψn




where the transformation matrix �n from the inertial frame to the
sensor local-level frame depends on the inertial position vector Rn

of the sensor. Inasmuch as λn is a two-dimensional position mea-
surement because |λn| = 1, a suite of angle-only sensors is required
to triangulate the target. In contrast, one range-angle sensor (such
as a radar) measures γn , ψn , and range distance ρn .

The measurement yn is a nonlinear vector function h(rn) with
components specified in sensor coordinates (Table 3). These well-
known identities are repeated for convenience and for later use.
Measurement errors υn are approximated by additive, zero-mean,
uncorrelated Gaussian random variables, and Rn is a diagonal mea-
surement noise matrix. Because yn and Rn are specified in sen-
sor coordinates (rather than Cartesian-inertial coordinates of the
target), the measurement-sensitivity matrix H(xn) is a nonlinear
function. When evaluated for EKF(6), H(ξn) has 6 columns rather
than 12.

IV. Batch Initialization of the Recursive Filter
Initial estimates of the state vector and covariance matrix are gen-

erated from the measurements because prior trajectory information
may not be useful. For example, booster detection usually occurs
after launch because the launch point is either beyond the visible
horizon of ground-based radars or the early ascent is beneath a cloud
layer that obscures the infrared plume signature from satellite in-
frared sensors. Moreover, a vertical-ascent trajectory may be a poor
approximation when the booster maneuvers before detection by the
sensor.

During the short time interval when observations are collected for
EKF initialization, inertial position of the booster is approximated
by a polynomial vector function with cubic terms,

rn = r1 + v1(tn − t1) + 1
2 a1(tn − t1)

2 + 1
6 b1(tn − t1)

3

where r1, v1, a1, and b1 are constant vectors representing inertial po-
sition, inertial velocity, total acceleration, and total jerk at the time
t1 of the first observation. Jerk terms are needed to extract certain
EKF(12) state variables (to be discussed shortly). The polynomial
model depends on the known elapsed time tn − t1 from the first ob-
servation. In contrast, template-based models must determine the
elapsed time from launch to align the measurements with the tem-
plate. The inertial position vector of the target is specified using the
measurements

rn = ρnλn + Rn
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After elimination of rn from these equations, a set of linear equations
may be derived,


X = Y

The extended state vector X, the measurement vector Y, and the ma-
trix 
 will depend on the data collected for initialization, as follows.

When N observations of λn are collected by a suite of angle-only
sensors, the batch matrices may be expressed by

XT = [
rT

1 vT
1 aT

1 bT
1 ρ1 ρ2 · · · ρN

]


 =




I3 O3 O3 O3 �1

I3 (t2 − t1)I3
1
2 (t2 − t1)

2 I3
1
6 (t2 − t1)

3 I3 �2

...
...

...
...

...

I3 (tN − t1)I3
1
2 (tN − t1)

2 I3
1
6 (tN − t1)

3 I3 �N




�n = [03 · · · −λn · · · 03]

YT = [
RT

1 RT
2 · · · RT

N

]

Elements of X include r1, v1, a1, b1, and N unknown distances
ρ1, ρ2, . . . , ρN , at the reporting times. The rectangular matrix 
 has
dimension 3N × (N + 12) because λn is assigned to column 12 + n
of the 3 × (N + 12) matrix �n . Because X has N + 12 unknowns
and there are 3N observations of the components ofλ1,λ2, . . . ,λN ,
it is clear that N ≥ 6 sets of independent observations are required for
a properly conditioned solution. Nevertheless, an overdetermined
solution, that is, N ≥ 12, is recommended for smoothing measure-
ment noise. (In reality, there are 2N independent angle observations
because |λi | = 1 and there are only 12 unknowns because each
slant distance ρi may be determined from the trajectory solution.
Nonetheless, the same requirement N > 6 is obtained.)

When N measurements of ρn and λn are collected by one range-
angle sensor, the batch matrices may be simplified somewhat,

XT = [
rT

1 vT
1 aT

1 bT
1

]


 =




I3 O3 O3 O3

I3 (t2 − t1)I3
1
2 (t2 − t1)

2 I3
1
6 (t2 − t1)

3 I3

...
...

...
...

I3 (tN − t1)I3
1
2 (tN − t1)

2 I3
1
6 (tN − t1)

3 I3




YT = [
ρ1λ

T
1 + RT

1 ρ2λ
T
2 + RT

2 · · · ρNλ
T
N + RT

N

]

Inasmuch as ρn is measured, X has only 12 unknowns because ρn

is not included as a state variable.
For both types of sensors, an estimate X̂ is specified at t1 by a

least-squares solution,

X̂ = K Y, K = (
T 
)−1
T

The covariance matrix PB may be determined after linearization of
the state equations about X̂ (Appendix B). After initialization of
EKF(12) with the batch estimate and covariance matrix, the mea-
surements are re processed using EKF(12). Because the batch initial-
ization is based on an approximate trajectory model, it is expected
that estimation accuracy will be improved.

Additional processing of X̂ and PB is needed for EKF(12)
initialization because â1 and b̂1 include gravity terms. For exam-
ple, when aerodynamic accelerations are negligible, initial thrust
acceleration and its derivative are specified after subtraction of the
gravitational terms:

âc(t1) = â1 − g(r̂1)

dâc(t1)

dt
= b̂1 − dg(r̂1)

dt
= b̂1 − �1v̂1, �1 = �(r̂1)

The total angular velocity may be determined from the kinematic
identity

�̂(t1) + ω̂(t1) = 1

a2
c

[
âc(t1) × dâc(t1)

dt

]

An estimate of the Markov angular velocity may be determined after
subtraction of ω̂

(
t1

)
,

ω̂(t1) = (
1
/

a2
c

)
[â1 − g(r̂1)] × [b̂1 − �1v̂1] − (

û1

/
û2

1

) × â1

Although âc(t1) and �̂(t1) are nonlinear functions of the other state
variables, the errors in the estimates may be approximated by linear
functions of the errors in the batch estimates,

δâc(t1) = δâ1 − �(r̂1)δr̂1

δ�̂(t1) = Srδr̂(t1) + Svδv̂(t1) + Saδâ(t1) + Sbδb̂(t1)

Sr
∼=

(
1
/

a2
c

)
�(b̂1 − �1v̂1)�1 + (

2
/

a4
c

)
�(âc)(b̂1 − �1v̂1)âT

c �1

− (
1
/

u2
1

)[
�(â1) − (

2
/

u2
1

)
û1ûT

1

]
�(ωe) + hot

Sv = −(
1
/

a2
c

)
�(âc)�1 + (

1
/

u2
1

)
�(â1)

[
I3 − (

2
/

u2
1

)
û1ûT

1

]

Sa = −(
1
/

a2
c

)
�(b̂1 − �1v̂1) − (

2
/

a4
c

)
�(âc)

× (b̂1 − �1v̂1)âT
c − (

1
/

u2
1

)
�(û1)

Sb = (
1
/

a2
c

)
�(âc)

The initial covariance matrix P(t1) is derived from the batch covari-
ance matrix PB(t1),

P(t1) = S PB ST , S =




I3 O3 O3 O3

O3 I3 O3 O3

−�1 O3 I3 O3

Sr Sv Sa Sb




V. Iteration of the Estimates
with Acceleration Constraints

For each reported position measurement, state estimates and co-
variances of EKF(12) and EKF(6) are iterated before IMM estima-
tion (Table 4). By the use of superscripts to indicate the iteration
number, the EKF(12) iteration process begins (i = 0) with the prior
estimate and covariance,

x̂(0)
n = x̄n, P (0)

n = Mn

In the prior covariance matrix Mn , errors in position states (which
are directly observable from the measurements) are correlated with
errors in velocity, acceleration, and angular rate. These correlations
enable correction of velocity, acceleration, and angular rate errors
with position measurements through the filter gain matrix. Similar
considerations apply to EKF(6).

The first iteration (i = 1) is the conventional EKF. Because ε(1)
n is

not used to updateP (1)
n , the residuals covariance N (1)

n is derived from
a linear model (Table 4). Nonlinear effects usually cause differences
between N (1)

n and the actual statistics of the residuals. Consequently,
P (1)

n may not accurately represent the statistics of errors in the es-
timates. Process noise can be tuned to improve agreement of the
statistics of the errors in the estimates and the statistics predicted by
the covariance matrix, that is, covariance fidelity.

Alternatively, iteration of the estimate and covariance may im-
prove covariance fidelity, provided that the states are sufficiently
observable.13 For i > 1, the additional term in ε(i)

n improves the ac-
curacy of the iterated estimate x̂(i)

n compared to x̂(1)
n . Similarly, P (i)

n
is improved compared to P (1)

n because H(xn) is evaluated with the
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Table 4 Iterated updates of boost and Keplerian estimates (0 <= i <= 3)

Boost EKF(12) Keplerian EKF(6)

x̂(0)
n = x̄n, P(0)

n = Mn ξ̂
(0)

n = ξ̄n, �
(0)
n = �̄n

K (i)
n = Mn H

(
x̂(i)

n

)T (
N (i)

n

)−1
K (i)

n = �̄n H
(
ξ̂

(i)

n

)T (
D(i)

n

)−1

N (i)
n = H

(
x̂(i)

n

)
Mn H

(
x̂(i)

n

)T + Rn D(i)
n = H

(
ξ̂

(i)

n

)
�̄n H

(
ξ̂

(i)

n

)T + Rn

P(i + 1)
n = K (i)

n Rn

(
K (i)

n

)T +
[

I12 − K (i)
n H

(
x̂(i)

n

)]
Mn

[
I12 − K (i)

n H
(

x̂(i)
n

)]T

�
(i + 1)
n = K (i)

n Rn

(
K (i)

n

)T +
[

I12 − K (i)
n H

(
ξ̂

(i)

n

)]
�̄n

[
I12 − K (i)

n H
(
ξ̂

(i)

n

)]T

x̂(i + 1)
n = x̄n + K (i)

n ε(i)
n ξ̂

(i + 1)

n = ξ̄n + K (i)
n δ(i)

n

ε(i)
n = yn − h

(
x̂(i)

n

)
− H

(
x̂(i)

n

)(
x̄n − x̂(i)

n

)
δ(i)

n = yn − h
(
ξ̂

(i)

n

)
− H

(
ξ̂

(i)

n

)(
ξ̄n − ξ̂

(i)

n

)

latest iterate x̂(i)
n . During the iteration process, the prior estimates

and covariances are not iterated and the same measurement data yn

and noise matrix Rn are used for updating EKF(12) and EKF(6).
Performance analysis results (to be discussed shortly) suggest that
two or three iterations are sufficient.

Poor measurements can sometimes cause wild estimates of ac.
These problems can be aggravated by forward prediction to the next
update. For long prediction intervals, predictions of thrust acceler-
ation magnitude can become unbounded. For constant U , it may be
shown that

ac(t) = ac(t0)

1 − (t − t0)/TB
, TB = U

ac(t0)

Although the mathematical singularity at t = t0 + TB (corresponding
to zero mass) never occurs, ac can, nonetheless, become unrealisti-
cally large.

These problems can be avoided with constraints on the magnitude
and orientation of ac. Constraints on thrust acceleration magnitude
preclude unbounded accelerations,

amin ≤ |ac| ≤ amax(v)

Numerical values amin = 2.5g and amax = 10–15g are recommended
for typical intercontinental ballistic missiles (ICBMs), although a
velocity-dependent constraint amax(v) is an effective technique for
anticipation of burnout events. Orientation constraints are enforced
when the angle α between ac and u exceeds a certain threshold αmax.
For α ≥ αmax(= 60 deg), the unit thrust vector e is constrained to the
instantaneous plane defined by r and u,

e = ac

|ac| = cos(αmax)

(
u
u

)
+ sin(αmax)

u × n∣∣u × n| , n = r × u
|r × u|

During long predictions, αmax = 0 is recommended until more mea-
surement data is available.

VI. Multiple Model Estimation
Staging and thrust termination events may be handled using an

IMM technique.15−19 At any time tn , the state of the system is de-
scribed by a boost hypothesis Bn or by a Keplerian hypothesis Kn

that corresponds to the situations when the booster coasts after a
staging event or terminates thrust at burnout.

A composite estimate x̂∗
n is the expected value of the state

and P∗
n is its error covariance, given the set of all measurements

Yn = {yn · · · y0} that includes the most recent measurement yn .
Here x̂∗

n and P∗
n are determined from the iterated estimates and

covariances x̂n and Pn of EKF(12), iterated estimates and covari-
ances ξ̂n and �n of EKF(6), and certain statistical weights β̂n and
κ̂n . (Refer to Table 5 where superscripts have been suppressed to
simplify notation.) The normalization constant c is selected such
that β̂n + κ̂n = 1 (to be discussed shortly). (The EKF(6) state vector

Table 5 IMM blending

State and covariance Statistical weights

x̂∗
n = β̂n x̂n + κ̂n ξ̂n β̂n =

exp
[
− 1

2ε
T
n N−1

n εn

]

(2π)
3
2 c

√|Nn |
β̄n

P∗
n = β̂n

[
Pn +

(
x̂n − x̂∗

n

)(
x̂n − x̂∗

n

)T ]
κ̂n =

exp
[
− 1

2δ
T
n D−1

n δn

]

(2π)
3
2 c

√|Dn |
κ̄n+ κ̂n

[
�n +

(
ξ̂n − x̂∗

n

)(
ξ̂n − x̂∗

n

)T ]

and covariance are augmented with zeros to increase dimensionality
from 6 to 12 to fuse with the EKF(12) state vector and covariance.
Zeros are appropriate for the Keplerian model because the thrust
acceleration and Markov angular velocity terms are zero with zero
uncertainties.)

Posterior probabilities that Bn and Kn correctly represent the cur-
rent state of the system, conditioned on Yn , may be determined using
Bayes’s rule,

β̂n = p(Bn|Yn) = [p(yn|Bn)p(Bn|Yn − 1)]/p(Yn)

κ̂n = p(Kn|Yn) = [p(yn|Kn)p(Kn|Yn − 1)]/p(Yn)

Conditional measurement probabilities are expressed by likelihood
functions involving the iterated residuals εn and δn and the residuals
covariance matrices Nn and Dn (superscripts omitted),

p(yn|Bn) = exp
[− 1

2ε
T
n N−1

n εn

]

(2π)
3
2
√|Nn|

p(yn|Kn) = exp
[− 1

2δ
T
n D−1

n δn

]

(2π)
3
2
√|Dn|

Prior probabilities β̄n and κ̄n are conditioned on the set Yn − 1 of all
previous measurements,

β̄n = p(Bn|Yn − 1), κ̄n = p(Kn|Yn − 1)

It then follows that

p(Yn) = p(yn|Bn)β̄n + p(yn|Kn)κ̄n = c

Prior probabilities β̄n and κ̄n reflect the complete history of all
previous estimates, covariances, and measurements Yn − 1. After β̂n

and κ̂n are updated with the most recent information, probabilities
are predicted to the next update using a Markov state-transition
matrix W :[

β̄n + 1

κ̄n + 1

]
= W

[
β̂n

κ̂n

]
, W =

[
p(Bn + 1|Bn) p(Bn + 1|Kn)

p(Kn + 1|Bn) p(Kn + 1|Kn)

]

Elements of W are conditional probabilities, and each column must
sum to unity. For example, p(Bn + 1|Bn) is the probability that a
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Fig. 2 Thrust acceleration and total angle of attack between thrust acceleration and Earth-relative velocity for a representative three-stage ICBM
boost trajectory.

Table 6 Markov state transition probabilities

Keplerian state
Case Boost state Bn at tn Kn at tn

Boost state Bn + 1 at tn + 1 p(Bn + 1|Bn) = 0.9 p(Kn + 1|Bn) = 0.1
Keplerian state Kn + 1 at tn + 1 p(Bn + 1|Kn) = 0.1 p(Kn + 1|Kn) = 0.9

transition occurs from a boost state Bn at tn to another boost state
Bn + 1 at tn + 1 and similarly for the other elements of W .

Numerical values of the transition probabilities are constants that
are selected as part of the design process (Table 6). Performance
results (not reported here) are not sensitive to reasonable values of
the probabilities. Other precautions assure that the algorithm is not
prejudiced by prior information about the timing of staging events
and the number of missile stages. For example, the numerical val-
ues p(Bn + 1|Kn) = 0 and p(Kn + 1|Kn) = 1 are not assigned because
these values would indicate an irreversible transition from Bn to
Kn + 1, that is, a single-stage missile. Similarly, variable transition
probabilities are not used because time histories would probably be
based on prior information.

State estimates and covariances are predicted to the next IMM
update, as follows. Initial conditions x̂∗

n and P∗
n are input to both the

EKF(12) and EKF(6) prediction models (Fig. 1). This simplifica-
tion reduces the computational complexity of the IMM algorithm
because a detailed geneaology of all past estimates and hypotheses
is not required.

VII. Performance Analysis
EKF(12) performance is determined by Monte Carlo simulation

of the filtering process with nonlinear truth models of the booster tra-
jectory and sensors. A representative three-stage ICBM is simulated
with nonlinear guidance, control, aerodynamics, and thrust actuation
models. Steering maneuvers are constrained by total angle of attack
during stages 1 and 2, and much larger angles are permitted during
stage 3 to close the Lambert guidance loop (Fig. 2). Stereo coverage
of the boost phase is provided by two geosynchronous satellites,
separated in longitude by 90◦. Sensors report angle-only measure-
ments that are corrupted by zero-mean Gaussian random variables

with cross-range position uncertainties of approximately 350 m. A
single ground-based sensor, offset by approximately 200 km from
the boost trajectory plane, reports three-dimensional position mea-
surements that are an order of magnitude more accurate than the
spaceborne sensors. Measurement updates occur every 1–2 s for
both sensors.

For angle-only sensors, EKF(12) performance depends on the ac-
celeration process noise qa , the Markov time constant τ , the Markov
angular velocity process noise q� , and the number of EKF iterations.
Baseline values of these four parameters (Table 2) were selected to
achieve close agreement of the Monte Carlo error statistics and the
error statistics predicted by the covariances. One performance met-
ric is the covariance fidelity ratio of the rss Monte Carlo errors to
the rss filter covariance errors at a specified spherical error prob-
ability (SEP) level, for example, 97%. Fidelity ratios for position,
velocity, and thrust acceleration are time-averaged over the last 20
time points before burnout to dampen statistical fluctuations asso-
ciated with small Monte Carlo sample size (100 trials). Ensemble
averages show that each ratio has different sensitivity to the tun-
ing parameters (Fig. 3). Position, velocity, and thrust acceleration
fidelity ratios show different sensitivities to the tuning parameters.
Statistics are determined using stereo angle-only sensors. Simula-
tion results show that covariance fidelity ratios are closest to unity
for cases 1, 8, and 9, although small Monte Carlo sample size (100
trials) and short time in track (under 500 s) probably obscure pro-
gressive improvement with an increasing number of EKF iterations.
It is found that three Markov angular velocity states absorb some pro-
cess noise, thereby reducing the qa value recommended in a previous
publication.10

Satisfactory IMM performance demands high probability that
boost model predictions can be differentiated from the Keplerian
model predictions. Model separability depends on the position mis-
match that accumulates during the time interval T between measure-
ments compared to the position measurement uncertainty σP . The
position mismatch is caused by the acceleration mismatch �a be-
tween models. For example, the separation probability may be mod-
eled by a χ 2 cumulative distribution with three degrees of freedom,
such that

χ2 = (
1
2 |�a|T 2

/
σP

)2
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Fig. 3 Covariance fidelity ratio depends on four EKF(12) tuning parameters: Baseline qa = 0.5 m/s5/2, qω = 0.01◦/s5/2, and τ = 100 s, 1 iteration.

Fig. 4 Probability of IMM separation increases as acceleration mismatch increases and as position measurement errors decrease.

Separation probabilities increase as σP decreases and as |�a| in-
creases (Fig. 4). In Fig. 4, note that probabilities are determined
by a χ 2 distribution with three degrees of freedom and with mea-
surement updates at 1-s intervals. Results are applicable to stereo
angle-only sensors and range-angle sensors. For small T val-
ues, a very accurate sensor, for example, a radar, is clearly pre-
ferred. For a specified σP value, staging and burnout events are
more easily detected because |�a| is large, but booster reignition
after a staging event is more difficult to detect because |�a|
is small.

With an accurate range-angle sensor, the IMM filter success-
fully tracks during powered flight, through two staging events, and
through the final burnout event (Figs. 5 and 6). Note from Fig. 5

that minimum thrust acceleration does not exceed 2.5 g for boost
EKF(12). IMM thrust acceleration magnitude blends the responses
of boost EKF(12) and Keplerian EKF(6) using corresponding statis-
tical weights. Statistical weights indicate detection of the two staging
events and the final burnout event. It was found that EKF(12) can de-
tect and respond to the three burnout events, but EKF(12) response
is sluggish to booster reignition following short coast segments after
the two staging events. With a minimum thrust acceleration of 2.5g,
IMM response is dramatically improved, as is evident in the re-
sponsive IMM probabilities. The minimum acceleration constraint
enhances the separability of the boost and Keplerian models at the
booster reignition events. The IMM filter exhibits small accelera-
tion errors during the two coast segments and shortly after burnout
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Fig. 5 Estimation of thrust acceleration magnitude using IMM filter with range-angle sensor.

Fig. 6 Estimation of booster orientation using IMM filter with range-angle sensor.

(because 2.5 g is blended with 0 g), but these errors are quickly
corrected.

VIII. Conclusions
A 12-state, iterated nonlinear recursive filter was formulated for

boost trajectory estimation and prediction. The recursive filter is
initialized with state and covariance estimates from a polynomial
batch filter. Staging and burnout events are handled with an IMM
technique that statistically blends boost filter estimates with those

of a six-state Keplerian filter. Prior trajectory information (such
as a booster template) is not needed because this physics-based
algorithm can adapt using measurements from a suite of angle-only
sensors, from one or more range-angle sensors, or from both types
of sensors in a data fusion mode.

A new contribution of this article is a boost prediction model that
includes terms that model the nonlinear growth of thrust acceleration
magnitude caused by propellant depletion and variations in thrust
orientation associated with gravity-turn maneuvers and steering



80 HOUGH

maneuvers at constant or variable angles of attack. A first-order
Markov process absorbs angular velocities that are not modeled by
gravity turns or accelerated turns at constant angle of attack. The
measurements are used to update filter the initial conditions period-
ically as actual flight conditions change.

Constraints are enforced on the magnitude and direction of thrust
acceleration estimates and predictions. Because poor measurements
can cause wild acceleration estimates, these constraints allow the
filter to recover when better information becomes available. Con-
straints are also useful during long prediction intervals without mea-
surements because thrust acceleration magnitude could become un-
realistically large.

An IMM technique blends boost and Keplerian filter estimates
with statistical weights that depend on the statistics of the measure-
ment residuals. Satisfactory IMM tracking performance and reliable
detection of staging and burnout events demand accurate position
measurements (such as those provided by radars) and a sufficiently
large acceleration mismatch between the boost and Keplerian mod-
els. Constraints on minimum thrust acceleration also enhance model
separability.

EKF(12) parameters were tuned by Monte Carlo simulations with
the nonlinear truth models for the booster and sensors. Two pro-
cess noise parameters, the Markov time constant and the number
of EKF(12) iterations, were selected to achieve agreement of filter
error statistics and covariance predictions. Generally, two or three it-
erations are recommended for good performance. Numerical values
of the tuning parameters are not sensitive to the booster acceleration
profile.

The IMM algorithm is applicable across a broad spectrum of
missile defense applications. EKF(12) has been successfully simu-
lated with infrared and radar sensors. The prediction model has been
applied (elsewhere) to the prediction of aimpoints for boost phase
intercept, to launch point retrodiction, and to burnout and postboost
prediction for cuing downrange sensors. Improved accuracies of
the burnout state estimate and of burnout covariances will mitigate
requirements on the size of cued search volumes for downrange
missile defense sensors.

Appendix A: EKF Boost Dynamics Matrix
Elements of the linearized dynamics matrix F are derived by

partial differentiations of the following equations of motion with
respect to the state variables:

b ≡ dac

dt
= a

U
ac + �(ω + �)ac

ω = 1

u2
�(u)[g(r) + ac], u = v − �(ωe)r

where �(∗) is the 3 × 3 skew-symmetric cross product matrix. Af-
ter permutation of the cross products, a second set of equivalent
identities is generated,

b = (a/U )ac − �(ac)(ω + �), ω = −(1/u2)�(g + ac)u

Partial derivatives of these identities are organized into four subma-
trices contained in F ,

A = ∂b
∂rT

, B = ∂b
∂vT

, C = ∂b
∂aT

c

, D = ∂b
∂�T

Using the preceding identities, partial derivatives of b with respect
to position, velocity, thrust acceleration, and angular velocity may
be expressed by

A = −�(ac)
∂ω

∂rT
, B = −�(ac)

∂ω

∂vT
, D = −�(ac)

C = 1

U

∂

∂aT
c

(aac) + �(ω + �) − �(ac)
∂ω

∂aT
c

Partial derivatives of ω may be expressed by

∂ω

∂rT
= 1

u2

[
�(u)

∂g
∂rT

− �(g + ac)
∂u
∂rT

]
+ 2

u3
�(g + ac)u

∂u

∂rT

∂ω

∂vT
= −1

u2
�(g + ac)

∂u
∂vT

+ 2

u3
�(g + ac)u

∂u

∂vT

∂ω

∂aT
c

= 1

u2
�(u)

Partial derivatives of the Earth-relative velocity vector and its mag-
nitude may be expressed by

∂u
∂rT

= −�(ωe),
∂u

∂rT
= −1

u
uT �T (ωe)

∂u
∂vT

= I3,
∂u

∂vT
= 1

u
uT

When terms are collected, it follows that

A = −(1/u2)�(ac)
{
�(u)�(r) + �(ac + g)

[
�(ωe)

− (2/u2)uuT �T (ωe)
]}

B = (1/u2)�(ac)�(ac + g)
[

I3 − (2/u2)uuT
]

C = (1/aU )
(
a2 I3 + acaT

c

) + �(ω + �) − (1/u2)�(ac)�(u)

D = −�(ac)

Appendix B: Batch Covariance Matrix
for Angle-Only Sensors

For angle-only sensors, the state equations of the polynomial
batch filter may be linearized about the least-squares solution X̂,


δX̂ + δ
X̂ = δY

δX̂T = [
δr̂T

1 δv̂T
1 δâT

1 δb̂T
1 δρ̂1 δρ̂2 · · · δρ̂N

]

δ
 =




O3 O3 O3 δ�1

O3 O3 O3 δ�2
...

...
...

...

O3 O3 O3 δ�N




δ�n = [03 · · · −δλn · · · 03]

δYT = [
δRT

1 δRT
2 · · · δRT

n

]

where δλn is the error in the unit LOS vector and δRn is the geolo-
cation error in the sensor associated with this observation. The term
involving measurement errors may be simplified:

δ
X̂ = −δη

δηT = [
ρ̂1δλ

T
1 ρ̂2δλ

T
2 · · · ρ̂N δλT

N

]

Following substitution of this result, the error equations may be
expressed in the equivalent form


δX̂ = δη + δY

It follows that the covariance matrix may be determined by forming
the expectation

E{
δX̂(
δX̂)T } = 
E{δX̂δX̂T }
T = E{δηδηT } + E{δYδYT }
where sensor measurement errors and geolocation errors are un-
correlated (E{δYδηT } = 0). After terms are regrouped, the explicit
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solution for the batch covariance matrix is algebraically similar to
the least-squares solution for x̂:

PB = E{δX̂δX̂T } = K [E{δηδηT } + E{δYδYT }]K T

K = (
T 
)−1
T

When successive sets of LOS observations are uncorrelated
such that E{δλiδλ j } = 0 for i 
= j , the measurement noise matrix
E{δηδηT } may be expressed in block-diagonal form:

E{δηδηT }

=




ρ̂2
1 E

{
δλ1δλ

T
1

}
O3 . . . O3

O3 ρ̂2
2 E

{
δλ2δλ

T
2

}
. . . O3

...
...

. . .
...

O3 O3 · · · ρ̂2
N E

{
δλN δλT

N

}




Errors δλn in the unit LOS vector arise from measurement errors
δγn and δψn ,

δλn = ∂λn

∂γn
δγn + ∂λn

∂ψn
δψn

∂λn

∂γn
= �T

n




cos γn

− sin γn sin ψn

− sin γn cos ψn


 ,

∂λn

∂ψn
= �T

n




0

cos γn cos ψn

− cos γn sin ψn




When errors in elevation and azimuth are uncorrelated
(E{δγnδψn} = 0), it follows that

E
{
δλnδλ

T
n

}= ∂λn

∂γn

(
∂λn

∂γn

)T

E
{
δγ 2

n

} + ∂λn

∂ψn

(
∂λn

∂ψn

)T

E
{
δψ2

n

}
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